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ABSTRACT
We present a new non-embeddable quasi-residual design which has the same
parameters as Bhattacharya's design but which is much easier to describe. Further-
more we give the first example of a non-trivial non-embeddable design on less than
16 points.
1. INTRODUCTION
We assume that the reader is familiar with the definition and general
theory of block designs (cf. [5]). However, we recall a few definitions and
well-known facts . We shall use the notation BD(v, k; b, r, t.) for a block
design P2 consisting of b blocks of size k (not necessarily distinct) from
a set {PI, P2, .. . , Pv} of v points. Here r is the number of blocks containing
a given point Pi and A is the number of blocks containing a given pair
of points {Pt , Pi}' The parameters satisfy the relations
(1.l) bk-cvr, A(v-I)=r(k-l), b» »,
If v=b (and hence k=r) the design is called symmetric. In this case we
refer to the design as a (v, k, A)-design. For such a design any two distinct
blocks intersect in A points. A residual design !!2' of a symmetric design
!!2 is obtained by removing one of the blocks of P2 and all the points of
this block. One then obtains a BD(v-k, k-A; v-I, k, A). A derived design
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of f!) is obtained by removing one of the blocks of 52 and all the points
not in this block. One obtains in this way a BD(Ie, J..; v-I, Ie-I, A-I).
A block design f!)' for which the parameters are such that f!)' could
be the residual of some symmetric design f!) is called a quasi-residual
design. If a corresponding symmetric design f!) indeed exists, then f!)' is
called embeddable (i.e. f!)' is a residual design); otherwise f!)' is called
non-embeddable (also : non-extensible). From (1.1) and the definition it
follows that for a quasi-residual design 52' = BD(v, k; b, r, A)
(1.2) r=k+A,
(1.3) v=k(k+).-I)fJ., b= (Ie+A)(k+).-I)jA.
If f!) ' is embeddable in 52, then f!) is a (b+ I, r, A)-design.
A quasi-residual design with A= 1 is an affine plane which is known
to be embeddable in a projective plane. It was shown by M. Hall and
W. S. Connor (cf. [5], [6]) that a quasi-residual design with A= 2 is
embeddable. For ).> 2 the situation is not understood. It is easy to give
trivial examples of non-embeddable quasi-residual designs. We mention
one infinite class . Let k = 0 or 1 (mod 4), k not a square. Let f!) ' be the
complete design of all k-subsets of a (k+ 2)-sct. If f!)' were embeddable
in a (V, K, A)-design 52 then V = 1+C~ 2), K = (k; 1), A = (;). Since
V is even and K - A = k is not a square, such a design 52 does not exist
by the Bruck-Ryser-Chowla Theorem (cf. [5] Theorem 10.3.1). For other
examples see [9], [11]. Recently it was shown by N. M. Singhi and S. S.
Shrikhande (cf. [2], [10]) that for any fixed Aa quasi-residual BD(v, k; b, r, A)
is embeddable for all sufficiently large k. In this paper we consider small
values of k. The smallest known non-trivial non-embeddable quasi-residual
design is a BD(16, 6; 24, 9, 3) constructed by K. N . Bhattacharya [1]
(caution: (16.1.19) in [5] contains an error). The fact that this design is
non-embeddable is obvious since it has a pair of blocks which meet in
four points. An example of a non-embeddable design with the same
parameters but no pair of blocks meeting in four points was given by
R. B. Brown [3] and other examples, again with the same parameters
were found by J. F . Lawless [7]. In fact all known non-trivial examples
of non-embeddable designs have the same parameters as Bhattacharya's
design. Furthermore none of these examples is easy to describe. In section
2 we shall give an example of a BD(16, 6; 24, 9, 3) which is very easy
to describe and which is obviously non-embeddable. In section 3 we shall
describe a new non-embeddable design with V= 12. If we consider only
designs with k «; tVthen this example is the smallest possible non-trivial
non-embeddable design. If we allow k » lv there is one smaller possibility,
namely V= II. We study this case in section 4, without offering a solution
however. Since our main interest is in small designs we consider in section
5 all possible parameter sets with v, 16 for which a quasi-residual design
with ),> 2 can exist and survey what is now known about these designs.
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NOTATION: In the following a block design is usually described by its
b by v (0, 1) incidence matrix. In fact we generally identify the design
and its incidence matrix. We denote by On.m respectively I n•lI , the n
by m matrix with all entries equal to 0 resp. 1. If the dimensions are
obvious we omit the indices .
2. A NON-EMBEDDABLE BD(16. 6; 24, 9, 3)
Let A be the 9 by 12 incidence matrix of AG(2, 3), the affine plane of
order 3. The columns of A represent the lines of the plane. Using A we
construct a 6 by 12 matrix 0 in which the rows represent the six possible
pairs of parallel classes of lines in AG(2, 3). Finally the 9 by 4 matrix B
is obtained by repeating each of the rows (1l00), (1010), (1001) three
times. We define
o )B .
J-B
It is easily seen that M is the 24 by 16 incidence matrix of a BD(16, 6;
24,9,3). Since the matrix A is repeated inside M and A has rowsums
equal to 4, there are nine pairs of blocks in M which meet in 4 points.
Therefore M is not embeddable in a (25,9. 3)-design.
3. A NON-EMBEDDABLE BD(12. 6; 22, 11,5)
In fig. 1 we possibly have part of the incidence matrix of a (23, 11,5)-
design ~. It is not difficult to check that the blo cks B1 to B 22 on the
points 1,2, ... , 12 form a BD(12, 6; 22, ll, 5) denoted by ~'. This design
consists of two disjoint blocks B 1 and B 2 , a BD(6, 3; 20, 5, 4) formed by
B3 to B 22 on the points 1, 2, ... , 6 (which is in fact the complete 3-design
on these points), and finally a second design with these parameters on the
points 7, 8, .. .. 12. This second design is the union of two BD(6, 3; 10,5,2).
All these facts are easily checked by inspection of fig. 1.
The blocks B3 and Bu of P) ' have five points in common (this is a unique
pair). This implies that if P)' is embeddable in a (23, 11, 5)-design ~ then
the blocks B 1, B2, B 3 , Bu of p) can be taken as in fig. 1 (w.l.o.g.) . For
any i we can now count the number of incidences of B t and the pair
B3• Bu. This uniquely determines column 13 in fig. 1. Now, let column 14
be as in fig. 1, where each symbol denotes 0 or 1. We make the convention
X:=Xl +X2+X3, etc. We calculate the inner product of column 14 with
columns 1, 2 and 3 and combine this with the fact that ~ has r = 11.
We find
(3.1)
a+x+y+z+u+v+ W= 7
y +z+u = 3
x+ z + v =3
x+y + w =3
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Poin ts
2 3 4 5 6 7 8 9 10 II 12 13 14 15 16 17 18 19 20 21 22 23
1 1 1 I I I 0 0 0 0 0 0 1 J J 1 1 0 0 0 0 0 0
0 0 0 0 0 0 1 I 1 I 1 J 1 I I J 1 0 0 0 0 0 0
1 I 1 0 0 0 I 1 I 0 0 0 0 1 I 0 0 1 I 1 0 0 0
0 0 0 1 1 I I 0 1 0 1 0 0 a
0 1 I I 0 0 0 0 1 I I 0 I xI
0 1 J 0 I 0 0 1 0 0 I I 0 x2
0 1 I 0 0 J 0 0 I I 0 I 0 x3
1 0 I 1 0 0 0 0 1 0 I 1 I Y1
I 0 1 0 1 a I 0 0 1 I 0 0 Y2
1 0 1 0 0 1 0 I 0 I 1 0 0 Y3
1 I 0 1 0 0 I I 1 0 0 o 0 0 0 1 I 0 0 0 I I I
I I 0 0 I 0 I 0 0 0 1 I I z2
I I 0 0 0 I 1 0 0 I 0 I I z3
1 0 0 a I I 0 I I I 0 0 I u 1
I 0 0 1 0 1 0 1 0 a 1 I 0 u2
J 0 0 1 I 0 0 0 I I 0 I 0 u3
0 1 0 0 I J 0 1 I 0 I 0 I vI
0 I 0 I 0 I I 0 0 I 1 0 0 v2
0 1 0 1 1 0 0 J 0 I 0 1 0 v3
J 0 1 0 1 1 1 0 1 0 0 1 0
'" I
0 0 I 1 0 1 I I 0 0 0 I I
'"2
0 0 I I 1 0 1 1 0 1 0 0 I '",
0 0 0 0 0 a 0 0 0 0 0 0 1 1 1 J I I 1 I I I 1
Blocks BI
B2
B3
B4
BS
B6
B7
BS
B9
BI O
BI I
BI2
BI 3
B14
BIS
BI6
BI 7
BIS
BI9
B20
B21
B22
B23
Fig. 1.
From (3.1) we obtain
(3.2) x +y+ z = a + 2
u = x-a+l, v =y-a+l, w=z-a+l
We do t he same thing for columns 4 to 6. After substitution of (3.2)
this yields
(3.3) (Xt +Yt+ Zi)-(ut + Vt + wt)=a-l (i = 1, 2,3).
The following equations are then found by calculating the inner produ ct
of column 14 with the columns 7, 9, 10, 12 and 13 (where in (3.6) we
have used (3.4), and in all equat ions (3.2) and (3.3) have been su bstituted):
(3.4)
(3.5)
(3.6)
Y2+ V 2
2(Xl + Yl) +Xa+Ua
2(xa+ ya+ za) + Xl +Ul
= -2z + 2
=2
=2z + a + 1
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(3.7)
(3.8)
(3.9)
Xl +Yl +W2+Wa =1
= -Z+l.
Observe that the same equations hold for column 15. If both column 14
and column 15 had z=o then by (3.4) both would have Y2=v2=1 and
then these columns would have inner product. cs6. Hence for column 14
we may assume z = 1. Then subtracting (3.4) and (3.9) from (3.7) yields
(3.10) Xl +Ya+Wa= 3z-a=3-a.
Since Xl+ 'Wa < 1 by (3.8) it follows that a = 1 and furthermore Ya = 1,
XI+Wa=l. Then (3.8) yields Yl=W2=0. From (3.9) we find Ul=Vl=O,
from (3.4) Y2=V2=0. Then (3.6) implies XI=O, i.e. wa=1. By (3.5) we
have Xa=Ua= 1. Again using (3.6) we find Za=°(i.e. Z2= 1) and then (3.3)
implies Va= 0.
So Y= 1, V= 0, contradicting (3.2). We have therefore proved that the
design !!)' is non-embeddable.
4. QUASI-RESIDUAL DESIGNS BD(ll , 6; 22, 12, 6)
In a search for non-embeddable designs with the parameters of the
title it is possible to introduce a new idea which might make the problem
easier, namely letting !!)' have a repeated block. Consider for example
(
J 2.6 02.6)
!!)'= A B
J-A B
where A is the incidence matrix of the unique BD(6, 3; 10, 5, 2) and B
is the incidence matrix of the complete design BD(5, 3; 10, 6,3) . We can
order the blocks of B in any way we like and thus obtain a BD(II , 6;
22, 12, 6). This was done in a number of ways but we were always able
to embed the design in a (23, 12, 6)-design. Some of the symmetric designs
found in this way are probably new .
A second approach is to replace J -A by some other BD(6, 3; 10,5,2)
and to reorder the rows of the two copies of B. This can indeed be done
in such a way that one obtains a BD(11, 6; 22, 12, 6). The examples which
we constructed were too difficult to analyze without the aid of a computer.
The ones which were all turned out to be embeddable. A simple way to
construct several designs with the required parameters is to take the
union of two (II, 6, 3)-designs.
We considered a number of non-isomorphic designs, all with a repeated
block. Again, all our examples turned out to be embeddable. The search
in this area is being continued.
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5. SMALL QUASI-RESIDUAL DESIGNS
Using (1.2) and (1.3) we can find the parameters of all the quasi-residual
designs with v,;;;; 16. Since we are interested in non-embeddable designs
We make the restriction A> 2. This leads to the following list.
No. v k b r ;.
1 4 3 12 9 6
2 5 3 10 6 3
3 6 4 15 10 6
4 7 4 14 8 4
5 7 5 21 15 10
6 8 4 14 7 3
7 9 5 18 10 5
8 10 5 18 9 4
9 11 6 22 12 6
10 12 6 22 11 5
11 13 7 26 14 7
12 14 7 26 13 6
13 16 6 24 9 3
14 16 8 30 15 7
Trivial complete designs. They are all embeddable and
in fact for 1 and 2 even the corresponding symmetric
designs are unique.
The complement of BD(7, 3; 14, 6, 2) which is the union
of two projective planes of order 2. It is well-known that
there are four such designs. All the non-isomorphic
(15, 8, 4)-designs are known (cf. [4]). By inspection one
finds that a BD(7, 4; 14,8,4) is embeddable .
Again a trivial complete design but non-embeddable,
namely the smallest k of the trivial infinite sequence
described in section 1.
There are four non-isomorphic designs with these para-
meters and these are embeddable (cf. [4]).
In an earlier attempt to find a smaller non-embeddable
quasi-residual design than Bhattacharya's example it
turned out that the designs with these parameters are
all embeddable (cf. [8]).
The smallest v for which a non-trivial non-embeddable
design might exist. The situation is unresolved. See
section 4.
In section 3 the smallest known non-embeddable design
is described.
Nothing seems to be known concerning these parameters.
These are the parameters of the Bhattacharya design
and the simple example of section 2.
No.4
At present the following is known about the designs with these para-
meters.
No.1 to 3
No.7 and 8:
No.6
No.5
No. 10
No. 11, 12, 14:
No. 13
No.9
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